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Abstract
Let F = {F1, . . . , Fn} be a collection of disjoint compact convex sets in the plane. We say that F is in
general position if no Fi is in the convex hull of two other Fi ’s. We say that F is in convex position if no
Fi is in the convex hull of the other n − 1Fi ’s. For k ≥ 4, F is called a k-cluster if it is a disjoint union of
k subfamilies F1,F2, . . . ,Fk ⊂ F of equal size such that each transversal {F1, F2, . . . , Fk}, Fi ∈ Fi , is
in convex position. In this paper we show that for any F in general position there is a k-cluster F ′ ⊂ F of
size at least 2−37.8k−o(1)|F |. This improves the result of J. Pach and J. Solymosi [Canonical theorems for
convex sets, Discrete and Computational Geometry 19 (1998) 427–435].
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1. Introduction
We call a compact convex set in the plane a body. If we speak about a family of bodies then
we always mean pairwise disjoint bodies.
Let F = {F1, . . . , Fn} be a family of bodies. We say that F is in general position if no Fi is
contained in the convex hull of two other Fi ’s. We say that F is in convex position if no Fi is in
the convex hull of the other n − 1 Fi ’s. For k ≥ 4, F is called a k-cluster if it is a disjoint union
of k subfamilies F1,F2, . . . ,Fk ⊂ F of equal size such that each transversal {F1, F2, . . . , Fk},
Fi ∈ Fi , is in convex position.
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Note that if the bodies are just single points then the above definitions of “general position”
and “convex position” coincide with the usual definitions.
The following result is a composition of two different generalizations (the Erdo˝s–Szekeres
theorem for bodies [2], the positive fraction Erdo˝s–Szekeres theorem [1]) of the famous result of
Erdo˝s and Szekeres [4].
Theorem 1 (Positive Fraction Erdo˝s–Szekeres Theorem for Bodies). For any k ≥ 3 there is an
εk > 0 such that if X is a finite set of bodies in general position in the plane then it contains a
k-cluster of size at least εk|X |.
Pach and Solymosi [5] proved that Theorem 1 holds with εk = 2−O(k2).
In this paper we give a new proof of Theorem 1 yielding the following better bound on εk :
Theorem 2. Theorem 1 holds with εk = 2−37.8k−o(1).
Theorem 2 shows that the best (largest) value of εk is exponentially small in k, because
εk < 2−k+o(1) (see [7, Section 6, Remark 2]).
Theorem 2 has already been applied in bounding the constant in the so-called partitioned
Erdo˝s–Szekeres theorem for bodies (see [8]).
2. Proof of the positive fraction theorem
2.1. The proof
Lemma 1. Let X be a set of n bodies, and let 2t|n. Suppose that no two bodies of X have
a common vertical tangent line. Then either there is a vertical line which intersects at least n2t
bodies, or there are t +1 vertical lines such that for any adjacent pair of vertical lines the number
of bodies which lie between these lines is at least n2t .
Proof. Assume that there is no vertical line intersecting at least n2t bodies. Choose a vertical line
s0 to the left of all the bodies of X . Then, consecutively for i = 1, 2, . . . , t , choose a vertical line
si to the right of si−1 so that exactly n2t bodies of X lie between si−1 and si . Since X has size n
and each of the lines si , 0 < i < t , intersects at most n2t bodies of X , the above procedure does
indeed give t + 1 lines s0, . . . , st satisfying the lemma. 
The following two lemmas will be used to prove Theorem 2.
Lemma 2. Let k ≥ 3. Let X be a set of at least 232k bodies in general position intersected by a
line l. Then there exists a k-cluster X ′ ⊂ X, of size at least k2−32k|X |.
Lemma 3. Let k ≥ 3. Let y ≥ 4 be an integer, t := 2 · 42y, and s0, . . . , st be t + 1 vertical lines
ordered from left to right. For 1 ≤ i ≤ t let Xi be a set of n2t bodies lying between the lines si−1
and si , where n is an integer multiple of 2t . Let X be the union of the sets Xi . Then there exists
a k-cluster X ′ ⊂ X of size at least n2 k2−
8y2+2y
y−k
.
We first derive Theorem 2 from Lemmas 2 and 3, and then we prove the two lemmas.
Proof of Theorem 2. Let c > 0, y := c · k, t := 2 · 42y. Let X be a set of n bodies. Due to the
o(1)-term in Theorem 2, we may assume that k is “large” and n is divisible by 2t .
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Fig. 1. The lower and the upper tangents of A and B .
Fig. 2. A cap, a cup, and a cap which is also a cup.
By Lemma 1 there is either a (vertical) line l intersecting at least n′ := n2t bodies, or there are
t + 1 vertical lines such that at least n′ bodies lie between any two of the lines. Therefore we get
by Lemmas 2 and 3 that there is a k-cluster X ′ ⊂ X of size either at least
k2−32kn′ > k2−(32+4c)k−o(k)n
or at least
k2−
8y2+2y
y−k n
2
> k2−
8c2
c−1 k−o(k)n.
The two bounds are equal if 32 + 4c = 8c2
c−1 , that is if c = 7−
√
17
2 . Then we get Theorem 1
with εk := 2(2
√
17−46)k−o(k) > 2−37.8k−o(1). 
2.2. Proof of Lemma 2
Let A and B be two bodies intersected by a horizontal line l. There are two common tangent
lines of the three bodies A, B and conv(A ∪ B). One of them, the upper tangent of A and B,
intersects any line separating A and B above l. The other one is called the lower tangent of A
and B . See Fig. 1.
Let A, B and C be three bodies intersected by a horizontal line l such that B ∩ l lies between
A ∩ l and C ∩ l. We say that {A, B, C} is a cap if B intersects the upper tangent of A and C .
We say that {A, B, C} is a cup if B intersects the lower tangent of A and C . See Fig. 2. Since
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Fig. 3. Two caps of size 4 (the second one is also a cup).
we assume that the bodies are in general position, {A, B, C} is either a cap or a cup. Note that
{A, B, C} can be a cap and a cup at the same time.
Let A1, . . . , An be bodies intersected by a horizontal line l and ordered from left to right
according to the intersections with l. We say that the set {A1, . . . , An} is a cap (resp. cup) if for
all 1 < i < n the bodies Ai−1, Ai and Ai+1 form a cap (resp. cup). See Fig. 3. An arc is a set of
bodies which is a cap or a cup.
Lemma 4 ([3,6]). If
(
2k−4
k−2
)
+ 1 bodies in general position are intersected by a horizontal line
l, then k of them form an arc.
Lemma 4 generalizes a result for points in general position which was proved by Erdo˝s and
Szekeres in their classical paper [4]. The proof for bodies is analogous (see [3,6]).
Proof of Lemma 2. Let n = |X |. We may suppose that l is horizontal. By Lemma 4 any 44k-
element subset of X contains an arc of size 4k. Choose randomly and uniformly a set T of 44k
elements of X , and then choose randomly and uniformly a subset T ′ ⊂ T of size 4k. Each 4k-
element subset of X is chosen for T ′ with equal probability. Since at least one 4k-element subset
of each T is an arc, the probability that T ′ is an arc is at least 1( 44k
4k
) . Therefore the number of
arcs of size 4k is at least
( n
4k
) 1(
44k
4k
) > n4k
416k2
.
We may assume that at least half of them are caps. Let B1, . . . , B4k (in this order) form a cap.
Denote the set {B2, B4, . . . , B4k} as the core of that cap. There is a core {A2, . . . , A4k}, which is
a core of at least
1
2
n4k
416k2
1(
n
2k
) > n2k
416k2
caps of size 4k. For i = 3, 5, . . . , 4k−1, let li be the upper tangent of Ai−1 and Ai+1 (see Fig. 4).
Let l−i be the halfplane bounded by li and containing Ai−1 ∪ Ai+1. Let Ti , i = 3, 5, . . . , 4k − 1,
be the set of all bodies of X , which are contained in l−i−2 ∩ l−i+2 and intersect the complement of
l−i (see Fig. 5). Further, let T1 be the set of all bodies in X which are contained in l−3 and intersect
l to the left of A2.
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Fig. 4. The line li and the halfplane l−i .
Fig. 5. Bodies of Ti .
For any cap of size 4k with the core {A2, . . . , A4k} the remaining bodies form a transversal of
{T1, T3, . . . , T4k−1}. Let α1 ≥ · · · ≥ α2k be the sizes of the sets Ti . By the choice of A2, . . . , A4k ,
nk(αk)
k >
2k∏
i=1
αi ≥ n
2k
416k2
.
Thus,
αk > n2−32k .
It is easy to see that any transversal of {T1, T3, . . . , T4k−1} is a cap. Therefore, choosing αk
bodies in each of the k largest sets Ti gives a k-cluster of size kαk ≥ nk2−32k . 
2.3. Proof of Lemma 3
Let A and B be two bodies separated by a vertical line s. There are two common tangent
lines of the three bodies A, B and conv(A ∪ B). They intersect s in different points. The one
intersecting s in a higher point will be called the upper tangent of A and B, the other one the
lower tangent of A and B.
1204 A. Po´r, P. Valtr / European Journal of Combinatorics 27 (2006) 1199–1205
Let A, B and C be three bodies (in this order from left to right) that are pairwise separated by
vertical lines. We say that {A, B, C} is a cap if some part of B lies above the upper tangent of A
and C . We say that {A, B, C} is a cup if some part of B lies below the lower tangent of A and C .
Since we assume that the bodies are in general position, {A, B, C} is either a cap or a cup. Note
that {A, B, C} can be a cap and a cup at the same time.
Let A1, . . . , An be bodies separated by vertical lines and ordered from left to right. We say
that the set {A1, . . . , An} is a cap (resp. cup) if for all 1 < i < n the bodies Ai−1, Ai and Ai+1
form a cap (resp. cup). An arc is a set of bodies which is a cap or a cup.
The following lemma is an analogue of Lemma 4.
Lemma 5 ([6]). If
(
2k−4
k−2
)
+ 1 bodies in general position are pairwise separated by vertical
lines, then k of them form an arc.
Proof of Lemma 3. Choose uniformly and randomly t bodies of the set X = X1 ∪ · · · ∪ Xt . Let
m := |X | = n2 . It is not difficult to verify that with probability bigger than 12 , at least t2 = 42y
of the chosen bodies lie in distinct Xi ’s. Then, by Lemma 5, there is an arc of size 2y formed by
some of the chosen bodies. The same probabilistic argument as in the proof of Lemma 2 gives
that there are at least(
m
2y
)
1
2 ·
(
t
2y
) > m2y
2 · t2y
arcs of size 2y. Again, we may assume that at least half of them are caps. We define the core of
a cap as above. There is a core {A2, . . . , A2y}, which is a core of at least
m2y
4 · t2y
1(
m
y
) > my
t2y
caps of size 2y. For i = 3, 5, . . . , 2y − 1, let li be the upper tangent of Ai−1, Ai+1, let l−i be the
halfplane bounded from above by li , and let Ti be the set of all bodies of X , which are contained
in l−i−2 ∩ l−i+2 and intersect the complement of l−i . Further, let T1 be the set of all bodies in X ,
which are contained in l−3 and lie to the left of A2.
For any cap of size 2y with the core A2, . . . , A2y the remaining bodies form a transversal of
{T1, T3, . . . , T2y−1}. Let α1 ≥ · · · ≥ αy be the sizes of the sets Ti . We get
mk(αk)
y−k ≥
y∏
i=1
αi >
my
t2y
,
and thus
αk > mt
− 2yy−k = n
2
t−
2y
y−k .
It is easy to see that any transversal of {T1, T3, . . . , T2y−1} is a cap. Therefore, choosing αk
bodies in each of the k largest sets Ti gives a k-cluster of size kαk > n2 k2
− 8y2+2yy−k
. 
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